There exists a large extent of literature on the varieties of algebraic objects suth as groups and associative algebras. Earlier much attention has been focused around the varieties of topologico-algebraic objects such as topological groups, topological vector spaces and topological algebras. In this paper we consider the varieties of Banach algebras defined by polynomial identities and we show that There exists a one-to-one correspondence between the class of this varieties and closed T-ideals of the countably generated free algebra . Also we derive a result about the maximal ideals of .
INTRODUCTION
Let be a countable set and let = { : ∈ } be a set of non-commuting variables. Consider the free algebra on the set . The elements of noncommuting polynomials in the variables of with complex coefficients. We will denote this polynomials by capital Greek letters Π, Ψ, Θ, and so on. If is an algebra, ℎ: → is an algebra homomorphism and Φ( 1 , 2 , … , ) , then the image of Φ under ℎ is denoted by Φ( 1 , 2 , … , ) if ℎ( ) = .
Intuitively, ℎ(Φ) is obtained by substituting for in the expression of Φ( 1 , 2 , … , ). We make into normed by defining ∥ Φ ∥ 1 ≔ the sum of moduli of the coefficients of Φ. Fof Φ the equation Φ = 0 is called a polynomial identity of the if ℎ(Φ) = 0 for all algebra homomorphisms ℎ: → , in other words, if Φ( 1 , 2 , … , ) = 0 for all 1 , 2 , … ,
. In this case we say that satisfies the polynomial identity Φ = 0. Definition 1.1. A non-empty class of associative algebras is called a variety of associative algebras if it is a closed under the operations of taking (a)subalgebras, (b)products, (c)quotient algebras and (d)isomorphic images.
In this paper we consider the analytic analogue of varieties of associative algebras. The most important theorem about these varieties is the Birkoff's Theorem [2] of 1935. Theorem 1.2 (Birkoff's Theorem). For a non-empty class of comlex associative algebras the following statements are equivalent (1) is variety, (2) there is a subset of suth that is precisely the class of all algebras that satisfy Φ = 0 for all Φ .
VARIETIES AND SEMI-VARIETIES OF BANACH ALGEBRAS
The notion variety of Banach algebras defined by P. G. Dixon in [6] . Naturally he replaced the notions subalgebra, quotient algebra and isomorphic image by closed subalgebra, quotient by closed ideal and image under isometric isomorphism respectively. Also for for product he used a notion appropriate to the category of Banach algebras. Definition 2.1. Given a family { } ∈ of Banach algebras, their product is the Banach algebra ⊕ ∈ ≔ {{ } ∈ ∈ ∏ ∈ : ∈ ∥ ∥< ∞} With the norm defined by ∥ { } ∈ ∥≔ ∈ ∥ ∥}. For a Banach algebra and for every Φ , we write 1 = ∈ ∶∥ ∥≤ 1} and is precisely the class of all Banach algebras bicontinuosly isomorphic with Banach algebras in . We write =. Remark 2.5. The resulting class is not a variety in general, since it is not closed under infinite products. Let ⊂ , we define ( ) ≔ { : is a Banach algebra ∥ Φ ∥= 0 (Φ )}. Since ∥ Φ ∥= 0 implies that satisfies the polynomial inequality Φ = 0 (see proof of Theorem 3.3 in [6] ). We have ( ) ≔ { : is a Banach algebra Φ = 0 (Φ )}. Proof of the following proposition is easy. Proposition 2.6. For a subset of , ( ) is a variety and semivariety of Banach algebras.
For a subset of , the variety ( ) is called an algebraically defined variety (abbreviated AD). It is clear that algebraically defined varieties are closed under isometric images and therefore are semivariety. Concerning AD varieties, Dixon proved the following theorem. See [9] for the proof. Theorem 2.7. If is a variety and semivariety of Banach algebras, then is AD.
So every set of polynomials correspond to a variety which is also a semivariety. Our main objective in this paper is to make the connection between varieties of Banach algebras in one hand the polynomial identities in the other hand more precise. Proposition 2.8. For a class Banach algebras define
If ℎ is an endomorphism of then ℎ( ( )) ⊂ ( ). Proof.
(1) Clearly ( ) is an ideal of for closedness let {Φ } be a sequence of polynomials in ( ) with Φ → Φ in . Since
we have Φ ( ). (2) Let Φ ( ). Since Φ = 0 is an identity for every so by definition ℎ 1 (Φ) = 0 for every homomorphism ℎ 1 : → . Now ℎ 1 ∘ ℎ(Φ): → is also a homomorphism, so ℎ 1 ∘ ℎ(Φ) = 0. Consequently ℎ(Φ) = 0 is an identity for , hence ℎ(Φ) ( ). Definition 2.9. An ideal of an algebra is called a T-ideal if ℎ( ) ⊆ for all ℎ ∈ ( ). The correspondence between AD-variety and closed T-ideal are bijective as we shall see. To prove this we need some useful preliminary facts. For an AD-variety let ( ) and ( ) denote the quotient aljebra / ( ) and its completion. Proposition 2.10. Let be an AD-variety of Banach algebras. If ∶ → ( ) is the canonical homomorphism, then (1) ( ) and ( ) satisfy the polynomial identities defining and so ( ) and ( ) are in , (2) ( ) is non-trivial, (3) | is injective and ∥ ( ) ∥= 1 (with the quotient norm) for all ∈ , (4) if ∈ and ℎ: ( ) → is a mapping, then ℎ extends uniquely to an algebra homomorphism ℎ: ( ) → .
Proof. 1. Let Φ be such that Φ = 0 is an identity for all ∈ and let ℎ: → ( ) be an arbitrary homomorphism. Then
and so Φ = 0 is an identity for ( ) and consequently an identity for ( ) . 
we have ∥ ( ) ∥ = 1. 4. It follows from the universality of the free algebra that there exists a unique homomorphism ℎ 0 : → such that ℎ 0 ( ) = ℎ( ( )) and since ∈ , ( ) is in the kernel of this homomorphism. Therefore ℎ 0 induces a homomorphism : ( ) → such that ∘ = ℎ 0 , in particular is an extension of ℎ. Proof of the following lemma is easy. Lemma 2.11. Let be an AD-variety of Banach algebras. If is a Banach algebra such that for every finite subset of , the closed subalgebra generated by is a member of , then ∈ . Theorem 2.12. The correspondences → ( ) and → ( ) are inclusion reversing mappings from the subset of to AD-varieties and from classes of Banach algebras to closed T-ideals of , and (1) ( ( )) ⊇ and equality holds if and only if is a closed T-ideal, (2) ( ( )) ⊆ and equality holds if and only if is an AD-variety. Proof. By virtue of propositions 2.6 and 2.8, we need only prove the if statements. Assume that is a closed T-ideal in and Φ ∈ ( ( )). We want to show that Φ ∈ , that is (Φ) = 0, where ∶ → / is the canonical projection. This conclusion can be obtained by proving that / ∈ ( ), for Φ ∈ ( ( )). Let ψ( 1 , 2 , … , ) ∈ and suppose that ℎ ∶ → / Is an arbitrary homomorphism. For each ∈ choose Φ i ∈ such that ℎ( ) = (Φ ). Let denote the extension of the mapping → Φ to . By construction ℎ = ∘ .
Since is a T-ideal we have Θ = ψ( 1 , 2 , … , ) ∈ . Therefore ℎ(ψ( 1 , 2 , … , )) = (ψ( ( 1 ), ( 2 ), … , ( ))) = (Θ) = 0, which shows that ( ( )) = , when is a closed T-ideal. Now assume that is an AD-variety of Banach algebras. It can be assumed that is non-trivial, otherwise ( ) = and ( ( )) is trivial. Let ∈ ( ( )) and is an AD-variety. If is finitely generated closed subalgebra of , then there is a surjective homomorphism ℎ ∶ → . The hypothesis ∈ ( ( )) guarantees that ℎ = ∘ , where ∶ → ( ) is the projection mapping and ∶ ( ) → is a surjective homomorphism. Since Is a variety and ( ) ∈ , it follows that ∈ . Finally by lemma 2.11, ∈ .
3. A RESULT ABOUT THE NORMED ALGEBRA Theorem 2.12 shows that there exists a 1-1 correspondence between varieties of Banach algebras that are also semi variety and closed T-ideals of the free normed algebra . In [4] it is proved that the class of the all varieties ℒ is a complete lattice, the variety determined by the polynomial identity 1 2 = 0, denoted by ℵ 2 is the unique non-trivial minimum of this lattice and that ℒ\{1, ℵ 2 } contains no maximum and minimum. Therefore (ℵ 2 ), the closed T-ideal corresponding to ℵ 2 , i.e. the closed ideal generated by 1 2 in is the unique maximal closed Tideal of and the lattice of closed T-ideal of has no maximum except for (ℵ 2 ).
